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We present novel neutral and uncharged solutions that describe the cluster of Einstein in the
teleparallel equivalent of general relativity (TEGR). To this end, we use a tetrad field with non-
diagonal spherical symmetry which gives the vanishing of the off-diagonal components for the grav-
itational field equations in the TEGR theory. The clusters are calculated by using an anisotropic
energy-momentum tensor. We solve the field equations of TEGR theory, using two assumptions:
the first one is by using an equation of state that relates density with tangential pressure while the
second postulate is to assume a specific form of one of the two unknown functions that appear in
the non-diagonal tetrad field. Among many things presented in this study, we investigate the static
stability specification. We also study the Tolman-Oppenheimer-Volkoff equation of these solutions
in addition to the conditions of energy. The causality constraints with the adiabatic index in terms
of the limit of stability are discussed.
I. INTRODUCTION
To investigate the importance of astrophysics or astronomy with gravitational waves, the theory of General Relativ-
ity (GR) plays an essential role in astrophysical systems like compact objects and radiation with high energy usually
from strong gravity field around neutron stars and black holes [1].
Recently, observations show that our universe is experiencing cosmic acceleration. The existence of a peculiar energy
component called dark energy (DE) controlling the universe is guaranteed by many observations including type Ia
supernovae (SNeIa), the Wilkinson Microwave Anisotropy Probe (WMAP) and the Planck in terms of the cosmic
microwave background (CMB) radiation, the surveys of the large-scale structure (LSS) [2–6]. In terms of an equation
of state for dark energy, p = ωρ, when ω < −1/3 the accelerated expansion is realized, when −1/3 < ω < −1 we have
quintessence regime, when ω < −1 we have a phantom regime, and when p = −ρ we have a gravastar (gravitational
vacuum condensate star) [7–13]. Explanations for the properties of DE have been proposed; among those are: 1)
Modifications of the cosmic energy by involving novel components of DE like a scalar field including quintessence
[14, 15]. 2) Modifications of GR action to derive different kinds of amendment theories of gravity like f(T ) gravity
[16–19], where T is the torsion scalar in teleparallelism; f(R) gravity [20, 21, 23–27] with R the scalar curvature;
f(G) gravity with G the Gauss-Bonnet invariant [28]; f(R, T ) gravity, where T the trace of the energy-momentum
tensor of matter [29], etc. Teleparallel equivalent of general relativity (TEGR) is another formulation of GR whose
dynamical variables are the tetrad fields defined as liµ. Here, at each point x
µ on a manifold, i is the orthonormal
basis of the tangent space, and µ denotes the coordinate basis and both of the indices run from 0 · · · 3. In Einstein’s
GR the torsion is absent and the gravitational field is described by curvature while in TEGR theory, the curvature is
vanishing identically and the gravitational field is described by torsion [30, 32–34, 36, 38, 41]. Fortunately, the two
theories describe the gravitational field equivalently on the background of the Lagrangian up to a total divergence
term [42, 43].
The Einstein’s cluster [44] was presented in the literature at the beginning of the last century to discuss stationary
gravitating particles, each of which move in a circular track around the center for them in the influence of the effect
from the gravity field. When such particles rotate on the common track and have the same phases, they constitute
a shell that is named “Einstein’s Shell”. The construction layers for the Einstein’s shell form the Einstein’s Cluster.
The distribution of such a particle has spherical symmetry and it is continuous and random. These particles have
the collision-less geodesics. When the gravitational field is balanced by the centrifugal force the above systems are
called static and are in equilibrium. A thick matter shell with the spherical symmetry is constituted by the procedure
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2described above. The resultant configuration has no radial pressure and there exists only its stress in the tangential
direction. There are many studies of the Einstein clusters in the literature [45–48]. For the spherically symmetric
case the energy-momentum tensor has anisotropic form, i.e. T 00 = −ρ, T rr = pr, and T θθ = T φφ = pt, where T µν
is the matter energy-momentum tensor, ρ is the energy density, pr and pt are the radial and tangential pressures,
respectively. By using the junction condition it can be found that the pressure in the radial direction vanishes for
the Einstein’s clusters. Recently, the compact objects filled with fluids with their anisotropy have been attracted and
their structure and evolutional processes have been studied [49–62]. It is the aim of this study to apply a non-diagonal
tetrad field that possesses spherical symmetry to the non-vacuum equation of motions of TEGR theory and try to
derive novel solutions and discuss their physical contents.
The arrangements of this paper are the followings. In Sec. II we explain the basic formulae in terms of TEGR. In
Sec. III the gravitational field equations for the TEGR theory in the non-vacuum background are applied to a non-
diagonal tetrad and the non-zero components in terms of these differential equations are derived. The number of the
differential equations with their non-linearity is found to be less than the number of unknowns. Therefore, we postulate
two different assumptions and derive two novel solutions in this section. In Sec. IV we discuss the physical contents
of these two solutions and show that the second solution possesses many merits that make it physically acceptable.
Among these things that make the second solution physically acceptable is that it satisfies the energy conditions,
the TOV equation is satisfied, it has static stability and its adiabatic index is satisfied. In Sec. V discussions and
conclusions of the present considerations are given.
II. BASIC FORMULAE OF TELEPARALLEL EQUIVALENT OF GENERAL RELATIVITY (TEGR)
In this section we describe the basic formulae of TEGR. The tetrad field liµ, covariant, and its inverse one li
µ,
contravariant, play a role of the fundamental variables for TEGR. These quantities satisfy the following relation
lν = l
i
ν li, li = li
ν
lν . (1)
Based on the tetrads the metric tensor is defined by
g
βα
= ηij l
i
µl
j
ν = ~lµ ·~lν . (2)
Here ηab denotes the Minkowski spacetime and it is given by ηab = diag(−1,+1,+1,+1). Moreover, ~lµ is the co-frame.
Using the above equations one can easily prove the following identities:
ηij = gµν li
µlj
ν = ~li ·~lj, ηij = gµν liµljν , (3a)
gµν = ηij li
µlνj , l =
√
|g|, (3b)
liµli
ν = δνµ, l
i
µlj
µ = δij . (3c)
With the spin connection the curvature quantity and the trosion one can be written as
Rijµν := ∂µω
ij
ν − ∂νωijµ + ωisµωsjν − ωisνωsjµ , (4)
T iµν := ∂µl
i
ν − ∂νbiµ + ωikµlkν − ωikν lkµ, (5)
where ωijν is the spin connection. The matrices with the local Lorentz symmetry, Λ
a
b, generates the spin connection
as
ωabµ = ω
a
bµ(Λ) = Λ
a
c∂µ(Λ
−1)cb, ηabΛacΛbd = ηcd . (6)
The tensors Rµνρσ and T
i
µν are defined as follows:
(i) Rµνρσ = li
µljνR
ij
ρσ,
(ii) liσT
σ
µν = T
i
µν .
Using the above data one can define the torsion in terms of the derivative of tetrad and spin connection as
T aµν = 2
(
∂[µl
a
ν] + ω
a
b[µl
b
ν]
)
, (7)
where square brackets denote that the pair of indices are skew-symmetric and ∂µ =
∂
∂xµ . In the TEGR theory, the
spin connection is set to be zero (ωabµ = 0). Therefore, the torsion tensor takes the form
T aµν = ∂[µl
a
ν].
3The TEGR theory is constructed by using the Lagrangian
LTEGR =
∫
d4x |l|
(
1
2κ2
T + Lm(g,Ψ)
)
, (8)
with κ2 = 8π. Here Lm(g,Ψ) is the Lagrangian of matter with minimal coupling to gravitation through the metric
tensor written with the tetrad fields. In addition, T is the torsion scalar and it is defined as
T = T aµνSa
µν =
1
2
(
la
σgρµlb
ν + 2lb
ρgσµla
ν +
1
2
ηabg
µρgνσ
)
T aµνT
b
ρσ . (9)
The superpotential Sa
µν is defined as
Sa
µν =
1
2
(Kµνa − haµTλλν + haνTλλµ),
with Kµνa the contortion tensor, expressed by
Kµνa =
1
2
(T νµa + Ta
µν − T µνa) .
Variation of the Lagrangian (8) with respect to a tetrad laµ yields [63, 64]
1
4
T la
µ + T bνaSb
µν +
1
l
∂ν(lSa
µν) =
1
2
κ2Θa
µ . (10)
The stress-energy tensor, Θa
µ, is the energy-momentum tensor for fluids whose configuration has anisotropy and it is
represented by
Θa
µ = (pt + ρ)u
µua + ptδa
µ + (pr − pt)ξaξµ , (11)
with uµ the time-like vector defined as u
µ = [1, 0, 0, 0] and ξµ the unit radial vector with its space-like property,
defined by ξµ = [0, 1, 0, 0] such that uµuµ = −1 and ξµξµ = 1. Here ρ means the energy density, pr and pt are the
radial and tangential pressures, respectively.
III. NEUTRAL COMPACT STARS
In this section we adopt the gravitational field equation (10) to the tetrad with its spherical symmetry, which
represents a dense compact relativistic star.
Based on the spherical coordinates (t, r, θ, φ), the metric with its spherical symmetry is given by
ds2 = −eµ(r) dt2 + eν(r)dr2 + r2dΩ2 , dΩ2 = (dθ2 + sin2 θdφ2) , (12)
where µ(r) and ν(r) are the functions of r in the radial direction. This line element in Eq. (12) can be reproduced
from the following tetrad field [65]:
laµ =


eµ(r)/2 0 0 0
0 eν(r)/2 cos(φ) sin(θ) r cos(φ) cos(θ) −r sin(φ) sin(θ)
0 eν(r)/2 sin(φ) sin(θ) r sin(φ) cos(θ) r cos(φ) sin(θ)
0 eν(r)/2 cos(θ) −r sin(θ) 0

 . (13)
We mention that the tetrad (13) is an output product of a diagonal tetrad and local Lorentz transformation, i.e., one
can write it as
laµ = Λ
a
bl
b
µdiag
⇒


eµ(r)/2 0 0 0
0 eν(r)/2 cos(φ) sin(θ) r cos(φ) cos(θ) −r sin(φ) sin(θ)
0 eν(r)/2 sin(φ) sin(θ) r sin(φ) cos(θ) r cos(φ) sin(θ)
0 eν(r)/2 cos(θ) −r sin(θ) 0


4≡


1 0 0 0
0 cos(φ) sin(θ) cos(φ) cos(θ) − sin(φ)
0 sin(φ) sin(θ) sin(φ) cos(θ) cos(φ)
0 cos(θ) − sin(θ) 0

×


eµ(r)/2 0 0 0
0 eν(r)/2 0 0
0 0 r 0
0 0 0 r sin(θ)

 . (14)
Using Eq. (13) in Eq. (9) the torsion scalar takes the form
T =
2e−ν
[
eν − eν/2(2 + rµ′) + 1 + rµ′]
r2
. (15)
It follows from Eq. (15) that T vanishes in the limit µ = ν → 0 unlike what has been studied before in the literature
[65]1. Using Eq. (15) in the field equations (10) we get
8πρ = −1− e
−ν(1− rν′)
r2
,
8πpr =
e−ν(1 − rµ′)− 1
r2
,
8πpt = −e
−ν [2rµ′′ + (rµ′ + 2)(µ′ − ν′)]
4r
, (16)
where ′ denotes derivatives with respect to r. These differential equations are three independent equations in five
unknowns: µ, ν and ρ, pr and pt. Therefore, we need extra conditions to be able to solve the above system. The
extra conditions are the zero radial pressure, namely, pr = 0 [66, 67], and assuming the equation of state (EoS) in
terms of the energy density and the tangential pressure. We can represent these conditions as
pr = 0, pt = ωtρ , (17)
where ωt is the EoS parameter for anisotropic fluids.
Substituting Eq. (17) into (16) we obtain
ρ =
ωt
2πr2(1 + 4ωt)
, µ = 4ωt ln(r) + c1, ν = ln(4ωt + 1), pt = ωtρ ,
ρ = 0, µ = ln
(c3r − c2
r
)
, ν = ln
( rc3
c3r − c2
)
, pt = 0 . (18)
We note that the vanishing of the reason why the tangential pressure as well as the energy density vanish as in the
second set of Eq. (18) is due to the composition of the two unknown functions µ and ν that give the Schwarzschild
solution.
Another solution that can be derived from Eq. (16) is through the assumption of the unknown function µ to have
the form [67]
µ(r) = ln(b0 + b1r
2 + b2r
4) . (19)
Using Eq. (19) in (16) we get the remaining unknown functions in the form
ρ =
(3b1 + 10b2r
2)(b0 + b1r
2 + b2r
4)
4π(b0 + 3b1r2 + 5b2r4)2
, ν = ln
(b0 + 3b1r2 + 5b2r4
b0 + b1r2 + b2r4
)
,
pt =
r2(3b1[b1 + 16b2r
2] + 20b2
2r4)
8π(b0 + 3b1r2 + 5b2r4)2
. (20)
The EoS of the first and second solutions given by Eqs. (18) and (20) takes the form
ωt1 = 1 , ωt2 =
r2(b1 + 2b2r
2)
2(b0 + b1r2 + b2r4)
. (21)
The first EoS shows that we have a stiff matter while the behavior of the second EoS is shown in Fig. 2(c) below.
The behavior of the density and tangential pressure of the first and second solutions are drawn in Fig. 1. Figs.
1(a) 1(b) show that energy and pressure decrease as the radial coordinate r increases. For the second solution, Figs.
1 This condition is important since when µ = ν → 0 the line element (12) gives the Minkowski spacetime whose torsion has a vanishing
value
5(a) Density of the first solution (b) Pressure of the first solution
Figure 1. Schematic plot of the radial coordinate r in the unit of km versus the energy density and pressure of the solution
(18).
(a) Density of the second solution (b) Pressure of the second solution (c) EoS of the second solution
Figure 2. Schematic plot of the radial coordinate r in the unit of km versus the energy density, pressure and the EoS of the
solution (20) when b1 = b2 = 1.
2(a), 2(b) and 2(c) show that the energy density and pressure become the maximum values for r = 1.5 km ∼ 0.2 km
depending on the free parameter b0 and then decreasing
2. As for the EoS parameter of the second solution it takes
negative values and then positive values depending also on the value of the free parameter b0. The reason for the
variation of the EoS from negative value to positive is because the dominator of Eq. (21) has only two real solutions
that have the form
±
√√
b12 − 4b0b2 − b1√
2b2
, b2 > 0. (22)
Equation (22) ensures that the parameter b2 must not have a zero value and b0 < 0 which are consistent with the
values given in Fig.2(c) and through the whole of the present study.
We consider the physical contents for the first and second solutions. To this end, we are going to calculate the
following quantities. The surface red-shift of the first and second solutions takes the form:
zs1 = e
νs − 1 = 4ωt1 , zs2 =
2r2(b1 + 2b2r
2)
b0 + b1r2 + b2r4
. (23)
2 We vary the value of b0 and leave b1 and b2 fixed because we relate them to mass and radius of the Schwarzschild exterior solution as
we will discuss below in the subsection of Matching boundary.
6(a) Mass of solution (18) against radial
coordinate
(b) Mass of solution (20) against radial
coordinate
(c) Compactness parameter of solution (20)
against radial coordinate
Figure 3. Schematic plot of the gravitational mass of solutions (18) and (20) and compactness parameter versus the radial
coordinate r in km when b1 = b2 = 1.
The behavior of the surface red-shift of the second solution is identical with the behavior of the EoS, as shown in Fig.
2(c), because the two forms are identical up to some constant. The gravitational mass of a spherically symmetric
source with the radial dependence r is expressed by [67]
m(r) = 4π
∫
0
r
ρ(ξ)ξ2dξ , (24)
which gives for solutions (18) and (20) the form
m1(r) =
2ωt1r
4ωt1 + 1
, m2(r) =
20b2r
3(b1 + 2b2r
2)
(3b1 + 10b2r2)2 − 9b12 + 20b0b2 . (25)
The behavior of the gravitational mass of solutions (18) and (20) are drawn in Fig. 3(a) and 3(b). This figures show
the gravitational mass increases with the radial coordinate. The compactness parameter of a source with its spherical
symmetry in terms of the radius r takes the form [67]
u(r) =
2m(r)
r
, that gives for solutions (18) and (20) the form
u1(r) =
4ωt1
4ωt1 + 1
, u2(r) =
20r2(b1 + 2b2r
2)
(3b0 + 10b2r2)2 − 9a12 + 20b0b2 . (26)
We show the behavior of compactness parameter of solution (20), because solution (18) gives a constant value, in
Fig. 3(c) which shows some kind of inverse relation, i.e., when r increase u decreases.
The gradient of density and pressure of (18) and (20) take the form [67]
dρ1 = − ωt
2πr3(1 + 4ωt)
, dpt1 = −
ω2t
2πr3(1 + 4ωt)
,
dρ2 = −r(10b
2
0b2 − 8b0b2r2[8b1 + 15b2r2]− 5b1b2r4[9b1 + 20b2r2]− 15b0b22 − r2[9b31 + 50b32r6])
2π(b0 + 3b1r2 + 5b2r4)3
,
dpt2 =
r(3b0[b
2
1 + 20b
2
2r
4]− 9b21r2[b1 + 5b2r2]− 100b22r6[b1 + b2r2] + 32b0b1b2r2)
4π(b0 + 3b1r2 + 5b2r4)3
.
(27)
Figure 4 shows that for solution (18) we have always negative gradient for density and pressure while for solution (20)
we have negative value of the gradient of density then this negative changes to positive value and then become negative
forever. The change of the sign of density occurs because the dominator of Eq. (27), i.e., (b0+3b1r
2 +5b2r
4) has two
real solutions ±
√
b2(
√
9b12−20b0b2−3b1)√
10b2
which again ensure that the parameter b2 6= 0 and b0 < 0. Same discussion can
be applied to the gradient of pressure.
7(a) Variation of density (18)
against radial coordinate
(b) Variation of pressure (18)
against radial coordinate
(c) Variation of density (20)
against radial coordinate
(d) Variation of pressure (20)
against radial coordinate
Figure 4. Variation of the gradient of density and pressure of (18) and (20) against r in km when b1 = b2 = 1.
Figure 5. Speed of sound of (20) against r in km.
Finally, the speed of sound of (18) and (20) take the form [67]
v2t =
dpt
dρ
, that gives for solutions (18) and (20) the form
v2t1 = ωt , v
2
t2 =
3b0[b
2
1 + 20b
2
2r
4]− 9b21r2[b1 + 5b2r2]− 100b22r6[b1 + b2r2] + 32b0b1b2r2
10b20b2 − 8b0b2r2[8b1 + 15b2r2]− 5b1b2r4[9b1 + 20b2r2]− 15b0b22 − r2[9b31 + 50b32r6]
.
(28)
We discuss the property of the speed of sound in the second solution because the first one gives a constant, which
depends on the EoS parameter. Usually, the sound velocity must be less than the light speed [67]. Hence, in relativistic
units, the sound speed must be less than or equal to unity. Thus, for the first solution, to give the sound speed less
than or equal to unity, we must have ωt ≤ 1. As Fig. 5 shows for solution (20), we have speed of sound less than 1
when the parameters b1 = 10
−4 and b2 = 10−8.
IV. PHYSICS OF THE COMPACT STARS (18) AND (20)
In this section, we explore the physical consequences for the first and second solutions given by Eqs. (18) and (20).
To this end, first we are going to determine the values of the constants appearing in these solutions.
8A. Matching of boundary
We compare the solution within the compact objects with the Schwarzschild vacuum solution outside it. We use
the first solution in Eq. (18) with the Schwarzschild one, i.e.,
ds2 = −
(
1− 2M
r
)
dt2 +
(
1− 2M
r
)−1
dr2 + r2dΩ2. (29)
This yields the following matching conditions:
1− 2MR = 4ωt ln(R) + c1 ,
1
1− 2MR
= ln(4ωt + 1) , (30)
where R is the radius at the boundary, i.e., at the boundary r = R. Solving for ωt and c1 from Eq. (30), we obtain
ωt =
e
1
1− 2M
R − 1
4
, and c1 =
R− 2M +R ln R−R ln Re
1
(1− 2M
R
)
R . (31)
Here M and R are determined by the observations of the compact objects. Applying the same procedure to the
second solution (20) we get
b1 =
2R(1− b0) + 5M
R3 , b2 =
3M −R(1 + b0) + 5M
R5 , (32)
where b0 is tackled by the data fitting and the values of M and R are selected from the observations of the compact
objects.
B. Energy conditions for compact stars
In general, for perfect fluid models, the energy conditions described by the relation between the energy density
and pressure can be satisfied. We check strong (SEC), weak (WEC), dominant (DEC) and finally null (NEC) energy
conditions, given by
SEC : ρ+ 2pt ≥ 0 , NEC : ρ+ pt ≥ 0 ,
WEC : ρ ≥ 0, ρ+ pt ≥ 0 , DEC : ρ ≥| pt | .
(33)
By using Eqs. (18) and (20), one can easily show that the above conditions are satisfied as indicated in Figs. 6 (a)
and (b).
C. Tolman-Oppenheimer-Volkoff equation and the analyses of the equilibrium
In this subsection we are going to discuss
We investigate how stable the models of the Einstein’s clusters are. We assume the equilibrium of the hydrostatic
state. Through the Tolman-Oppenheimer-Volkoff (TOV) equation [68, 69] as that presented in [70], we acquire the
equation
2pt(r)
r
− Mg(r)ρ(r)e
(µ−ν)/2
r
= 0 , (34)
with Mg(r) the gravity mass as a function of r, which is defined by the Tolman-Whittaker mass formula as
Mg(r) = 4π
∫
0
r(
Tt
t − Trr − Tθθ − Tφφ
)
r2e(µ+ν)/2dr =
re(ν−µ)/2µ′
2
, (35)
Using Eq. (35) in (34) we get
2pt(r)
r
− µ
′ρ(r)
2
= Fg + Fa = 0 , (36)
with Fg = −µ
′ρ(r)
2 being the gravitational force and Fa =
2pt(r)
r is the anisotropic force. The behaviors of the TOV
equations of solutions (18) and (20) are shown in Fig. 7 (a) and (b), respectively.
9(a) Energy conditions of solution (18) against radial
coordinate
(b) Energy conditions of solution (20) against radial
coordinate
Figure 6. The energy conditions of solutions (18) and (20) against r in km when b1 = b2 = 1.
(a) TOV of solution (18) against radial coordinate (b) TOV of solution (20) against radial coordinate
Figure 7. TOV solutions (18) and (20) against r in km when b1 = b2 = 1.
D. Relativistic adiabatic index and stability analysis
Our particular interest is to study the stable equilibrium configuration of a spherically symmetric cluster, and the
adiabatic index is a basic ingredient of the stable/unstable criterion. Now considering an adiabatic perturbation, the
adiabatic index Γ is defined as [71–73]
Γ =
ρ+ pt
pt
dpt
dρ
, (37)
with dptdρ is the speed of sound. Using Eq. (37) we get the adiabatic index of the two solutions (18) and (20) in the
form:
Γ1 = 1 + ωt1 ,
Γ2 =
(2b0 + 3b1r
2 + 4b2r
4)(3b0b1
2 − 45b12b2r4 − 100b1b22r6 + 32b0b1b2r2 − 100b23r8 + 60b0b22r4 − 9b13r2)
2r2(b1 + 2b2r2)(10b02b2 − 64b0b1b2r2 − 120b0b22r4 − 45b12b2r4 − 100b1b22r6 − 50b23r8 − 15b0b12 − 9b13r2) .
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Figure 8. Adiabatic index of (20) against r in km when b1 = b2 = 1.
(38)
The first set of Eq. (38) is always larger than or equal to unity, depending on the value of EoS of ωt1. The behavior
of the second set of Eq. (38) is shown in Fig. 8. From this figure, we can see that the adiabatic index is always larger
than unity and its value depends of the parameters b0, b1 and b2. It has been found by Bondi [74] that in the case
of non-charged equilibrium, Γ = 4/3 for the stable Newtonian sphere. It is shown in [75] that the variable range in
terms of the value of Γ is larger than or equal to 2 and less than or equal to 4 for the equations of state of most of
the neutron stars.
E. Stability in the static state
For stable compact stars, in terms of the mass-central as well as mass-radius relations for the energy density,
Harrison, Zeldovich and Novikov [80, 81] claimed the gradient of the central density with respect to mass increase
must be positive, i.e., ∂M∂ρr0
> 0. If this condition is satisfied then we have stable configurations. To be more specific,
stable or unstable region is satisfied for constant mass i.e. ∂M∂ρr0
= 0. Let us apply this procedure to our solutions
(18) and (20). To this end we calculate the central density for both solutions. For solution (18) the central density is
undefined so we will exclude this case from our consideration because it may represent unstable configuration. As for
the second solution the central density has the form
ρr0 =
3b1
4πb0
⇒ b0 = 3b1
4πρr0
,
M(ρr0) =
4πR3ρr0(b1 + 2b2R
2)
3b1 + 12πb1R2ρr0 + 20πb2R
4ρr0
. (39)
With Eq. (39) we have
∂M
∂ρr0
=
12πR3b1(b1 + 2b2R
2)
(3b1 + 12πb1R2ρr0 + 20πb2R
4ρr0)
2
. (40)
From Eq. (40), it is seen that the solution (20) has a stable configuration since ∂M∂ρr0
> 0. The behavior of the adiabatic
index is shown in
Figure 9 depicts the mass in terms of the energy density. It follows from this figure that the mass increases as the
energy density becomes larger.
11
Figure 9. Static stability of (20) against ρr0 in km
−3 when b1 = b2 = 1, R = 0.1.
V. DISCUSSIONS AND CONCLUSIONS
In this study, we have explored and discussed the model for compact stars which mimic clusters for TEGR. The
gravitational field equations of the non-vacuum TEGR theory have been applied to a tetrad field with its non-diagonal
components, which consists of functions of µ and ν possessing spherically symmetric fields. We have derived a set of
the three equations with differentiations in terms of the five unknown quantities: µ, ν, ρ, pr and pt. To be able to
solve this system, we have put the radial pressure equal to zero [66, 67] in addition to two different assumptions:
• In our first assumption we have taken an EoS between the density and the tangential pressure in the form
pt = ωt1ρ. By using the vanishing of the pressure in the radial direction and the EoS parameter, we have
solved the set of the differential equations and obtained two different solutions. One of these solutions is just
the Schwarzschild exterior solution and we excluded it and the other one gave the unknown functions µ, ν, ρ
depending on the radial coordinate r, the parameter of EoS ωt1 and on a constant of integration. We have studied
the physics of this solution and shown that it has a positive density and pressure and a positive gravitational
mass as shown in Figs. 1 (a), 1 (b) and 3 (a). We have found that the speed of sound depends on the the
parameter of EoS, ωt which should be less than one, i.e., ωt ≤ 1 [67]. We have also studied the boundary
condition, i.e., matching our solution on the boundary with the exterior Schwarzschild solution, we derived the
relations between the EoS parameter, the constant of integration and the gravitational mass of Schwarzschild
and its radius at the boundary. Moreover, we showed that this solution satisfies all the energy conditions, i.e.,
SEC, WEC, DEC and NEC. As shown in Fig. 7 (a), this solution satisfies the TOV equation. Finally, we have
demonstrated that the adiabatic index of this solution is satisfied provided that ωt ≥ 1/3 to have Γ ≥ 4/3 [67].
• In the second assumption, we have used a specific form of the unknown function µ that has three constants and
derived the other unknown functions ν, ρ ad pt. We have repeated the above procedure and shown that this
solution has a positive density, a positive tangential pressure and a positive gravitational mass as shown in Figs.
2 (a), 2 (b) and 3 (b). Also we have found that the sound speed depends on the radial coordinate and is always
less than 1 as indicated in Fig. 5. The energy conditions of this solution are satisfied as shown in Fig. 6 (b). We
have matched our solution with the Schwarzschild exterior and derived a relation between two constants that
characterize the unknown function µ with the gravitational mass and boundary radius of Schwarzschild and
dealt with the third constant as a fitting parameter. Moreover, we showed that this solution satisfies the TOV
equation as shown in Fig. 7 (b). We have illustrated that the adiabatic index of this solution is satisfied and
always has Γ ≥ 4/3 as drawn in Fig. 8 [67]. Finally, we have demonstrated that the static stability is always
satisfied because the derivative of the gravitational mass w.r.t. central density is always positive, indicating the
gravitational mass increases with the central density as shown in Fig. 9.
To summarize, in the present paper we have used a non-diagonal form of tetrad field that gives null value of the off
12
diagonal components of the field equations unlike what has been studied in the literature [76–82]. The results of this
study give satisfactory physical compact stars as shown in the above discussion.
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